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Abstract:-

Exact rotational and translational invariant solutions of the generalized
Liouville’s equation U ¢t — U, = ae found by using Lie’s
infinitesimal continuous similarity transformation method. Solutions
are valid for all values of the parameter k except k= 0, for k= 1 these
solutions are already reported. Solutions are different from known
solutions obtained by Backlund transformation. Translational invariant
exists only along with rotational invariant part whereas, the pure
rotational invariant solutions are possible without translational
invariant part. As such solutions these may be suitable for modeling
mean field vortex in steady flow.
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1. Introduction

Liouville’s equation is a nonlinear partial differential equations with
two independent variables introduced by Liouville [1] that describes a
constant Gaussian curvature conformal to the restrictions of the
Eucleadian metric of two dimensional surface. In mathematical physics
[2 ]- [8 ] this equation appears in the context of the mean field vortex
in the Electroweak theory [ 09],[10 ],[11]. Backlund transformation of
this equation is reported [08]'[09]. Existence of Lax pair and inverse
scattering transformation also confirmed, as such Liouville’s equation
is considered as a completely integrable system. This equation is a
special case of Toda lattice equation.

The well known form of the Lioville’s equation with two
independent variables x and t is,

U — Ugy = ae™. (1)

where a is aparameter. Equation (1) is a hyperbolic nonlinear partial
differential equation. The generalized Liouville’s equation with two
parameters is,

Ut — Uxx = aekx ) (2)

where a and k are nonzero parameters. For k=1 thisis same as
equation (1).Using Lie’s infinitesimal continuous parameter similarity
transformation (LST) the exact solutions with rotational as well as
translational solutions are already reported [15]. This study is reporting
new exact rotational as well as translational invariant solutions of
generalized Liouville’s equation (2) using LST method .
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02. Lie’s Similarity Transformation Method of Solving Partial
differential Equations

Brief outline of the LST method of solving PDE by reducing
the number of independent variables by one is the following [14]. Let
the given PDE with n number of independent variables and m
dependent variables be,

PY(xq, X9, X, 0105, 0™, 0Y) =0, (3)

Where x; are independent variables and w' are dependent variables,
i=1,2,...n and j=1,2,...m.and a)"'k is the partial differential of dependent

variable @’ with respect independent variable x;. Apply, one
infinitesimal parameter €>0, family of infinitesimal transformations,

xj=x; + €X;(x;,w")+ O(€?), (4)
w'=w' + eW'(x;,w") + O(e?), (5)

Correspondingly ,the first order partial derivatives of dependent

variables w' are transformed as,

wfk = wfk + e[W',‘;] +0(€?), (6)
Where [Wj(] is called “first extension’ of first order derivatives a),ik of
dependent variables w! and its expansion as [14],

dwt W' gy 8Xy ; 00Xy u

1= i
Wil = o dwt Ckax, OV gn Cr@y 7)

i-

The second partial derivatives w ;

x With respect to the variables x; and

X are transformed as,

wfjk = a)"'jk + e[W,ﬁ-k] +0(€?), (8)
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where [Wi-k] is called ‘second extension’ of the second order

derivatives " 5. of the dependent variables w' with respect to the

J
independent variables Xj and xj, and its expansion is,
2wt o*wt o *wt 4 9%x, ; oWl g

+ w usa— () R w,, + w
dxjOxy  Oxjowk K T axpdwk T dxjdxy U dwH K

[W]k] =

X, | 0Xy 2wl 3 ouw  0*Xy  u o %Xy
J Lk

ox;j KV Gx IV dwrowt dxjowk ]V axpdwh KTV

dwH

TSN’ I

u i
;] a)'vk-l-a)'k a)ljv]

, 92X PN
[} @' +w . ! (9)

A kW Wy -
The so called “ invariant surface condition”[14] for a similarity
transformation , (4) and (5) of the given PDE (3) for a second order PDE
is

aw a¢

1= =0, (10)

x, ¥ r Wi
aw]k

Lox;

On solving above” invariant  condition” the similarity
transformation under which the given PDE (3) can be transform into
another PDE with one independent variables less can be found out.

Then for finding the similarity transformation solve,

l

x 2o, Wld =0, (11)

J dx;j wi

using the Lagrange’s conditions,

The solution of (10) gives the similarity variables 1; as function of
independent variables x; and arbitrary constants ,and the ‘similarity
solutions’ w' as function of similarity variables nj. On substituting

similarity solution in the given PDE (3) the resultant equation is called
similarity reduced equation having one independent variable less than
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that of given PDE . All exact solutions of similarity reduced equation is
also exact solutions of given PDE (3) ,but converse need not be
satisfied.

3. Lie’s Similarity Transformation of generalized Liouville’s equation

Corresponding to the (10) for the generalized Liouville’s equation
(2) gives

(Ut ] = U ] = ak [U]eku . (11)

Substitute the expansions of second ‘extensions’ (9) for
[U¢e] annd [U ., ] in equation (11) and equate coefficients of different
orders of derivatives of dependent variables u yields following essential
constrained equations,

Ugee — = akUe™, ,—2U,— X, =0, 2U,—Ter +Tye = 0,
Ty—Xt=0, Ty — X,;u=0, T,.=T,,=X,=X,,=U=0.
(12)
On solving the above constrained equations (12) yield,
X=ct+w, T=-cx+kx, U=0, (13)
where kK ,c and w are arbitrary constants of integration.

The similarity variable with respect to the (13) can be found out by
(11) as,

T2 (14)
X T U

On substitute X, T, U from (13) gives the similarity variable h(x,t) as
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(2= w?)

2c

h(x,t) =[c(x? —t?) + (k x — wt) + ]. (15).

Similarity solution is corresponding to the generalized Liouville’s
equation (2) is

u(x,t) = h(x,t). (16)

Substitute above similarity solution (16) in the (2) yields the similarity
reduced equation corresponds to the generalized Liouvillie’s equation

(2) as
a’u au _ _ 2 ku
hdh2 + o 2Ce . (17)
Possible exact solutions of above similarity reduced equation (17) is
obtained as
2pp(-1) 1
exp(u) = (m)" , (18)

where A, B and n are arbitrary constants of integration such that
A#0B # 0

andn#0andn+#1 .

4. Discussion

Liouville’s equation with two independent variables is a well studied
system. Clarin [16],[17] reported a type of general solution of this
equation using Backlund transformation by connecting solutions of
d’Alembert’s euation and Liouville’s euation but solutions have
singularities. Whereas, the solutions of this study (18) are nonsingular
when the arbitrary constant B is positive and nonzero values and the
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values of n are even. For k=1 bove solution (18) is already reported
[15].

When w = k = 0 gives pure rotational invariant solution with out
translational invariant part.Whereas, ¢ #+# 0 hence pure translational
invariant part can not be obtained. So this new solutions represents
stationary as well as moving with translational invariant vortex in a
fluid. Since Liouville’s equation having both Backlund transformation
and Inverse Scattering transformations above solutions are of the class
of solitons . All known solutions of solitons are functions of exponential
functions but above new solutions are independent of exponential
functions.
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