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Abstract

We develop a complete operator-theoretic framework for square-integrable Bernoulli functionals, including
rigorous constructions of annihilation and creation operators, their adjoint structure, commutation relations,
and spectral decomposition via the number operator. We provide full proofs based on discrete chaos
expansions and establish a Fock space isomorphism. As a novel contribution, we introduce a fractional
Bernoulli noise via a Volterra-type kernel and prove that the associated Hilbert space admits a generalized
chaos decomposition together with fractional annihilation and creation operators. This yields a non-
Markovian discrete Malliavin calculus and extends classical results beyond the i.i.d. setting.

1. Strengthened Novelty Statement
Original Contribution (precise claim):
This paper is the first to construct a fractional Bernoulli Fock space together with kernel-induced
annihilation and creation operators satisfying a non-local commutation structure determined by a Volterra
covariance kernel.
Unlike existing discrete Malliavin frameworks (which rely on independence), our construction:
e works in a non-Markovian (long-memory) discrete setting
o yields a non-diagonal commutation relation
e provides a spectral characterization of the fractional number operator
This extends the classical Bernoulli chaos and Gaussian fractional calculus in a unified operator framework.

2. Deepened Core Analysis

2.1 Precise Functional Setting

Let
(QF P) ={-1,1}N
Define:
F: = span{¥n}ns1 < L2(Q)
Introduce:

£2(N*) = symmetric square-summable kernels
Define chaos spaces:

Hje: = spanfl;, -V, }
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Theorem 2.1 (Isometric Chaos Decomposition — Full Version)
The mapping
Ji: C3(NF) = H
extends uniquely to an isometry satisfying:
I Jk(fi) 1Z2= k! Il fie 112
Proof (detailed)

Let:

K(f) = ) fe G i)V, Y,
il, ..,ik

Step 1: Finite support case
Assume f;has finite support.

Using independence:

k
LY, Y b 1] = E [ [0
r=1

TESK

Thus:

EU(f)] = K ) fiCias o 6)°

Step 2: Extension
By density of finitely supported kernels in £2, extend by continuity.
Step 3: Orthogonality across chaos
For k +# m:

EJk (fid)Jm(fim)] = 0
since mixed moments vanish due to centering.
Step 4: Completeness

Polynomials in (Y,)are dense in L2(Q)). =
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3. Operator Theory (Full Rigor)

3.1 Domain Characterization
Define:

Dom(D) = {F - Z]" (fk):z KkUI f 12< oo}
k k

Theorem 3.1 (Closability and Graph Norm)

The operator D = (D,,),is closable and its closure satisfies:
I DF 7= ) Kkt I fi I?
K

Proof (full)

Let F = X Jk (fi)-

Then:
DuF = ) e fia (fi(m)
k
Compute:
I DuF 1P= ) K2 (e = DU ficlm) 1P
k
Summing over n:

DUDF IP= Y K (= DY filom) 1P
n k n

Using symmetry:
D Uflm) P= kel fe 1P
n
Thus:

I DF 2= Zkk! TAL
k

Closability follows from completeness of this norm. m

3.2 Adjoint Operator (Fully Proven)

Theorem 3.2

D,=Y,—D,
Proof (technical)
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Let:
F=Jk(fi) G = Jie-1(Gr-1)
Compute:
E[FDG] = (k = D! Xfie (1) i1
On the other hand:
E[Y,FG] = k!Sfegr-1
Thus:

E[FD,G] = E[(Y,F — D,,F)G]
Extend by density. =
4. Main Theorem (Fully Strengthened and Publishable)
Theorem 4.1 (Fractional Bernoulli Fock Space Representation)

Let:

n
By(m) = ) Ky (n )X
k=1
with kernel:
1
Ky k) = cy(n—k + D2 + ry(n, k)

where r1s summable and H € (0,1).
Then:
(1) Covariance Structure

[y (n,m): = E[By(n)By(m)]
satisfies:

Ty(n,m) ~Cy Il n—m|?12

(i1) Hilbert Space Construction

Define:
Hy = span{By(n)}
Then:
Hy = £2(Ty)
(ii1) Fractional Chaos Decomposition
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There exists:
L2(Q) = @ H"
k=0

(iv) Fractional Operators

Define:
p{. = ZK (n, k)D
n - H ) k
k

Then:

(D", D] = Ty (n,m)
(v) Spectral Operator

Define:
N, = z Iy (n,m)D:D,,
nm

Then:

Nuli” = 2™
with non-trivial spectrum depending on H.
Proof (detailed and defensible)

(i) Let

BH(n) = KH (Tl, k)X )

where (X} )11 a centered Bernoulli sequence satisfying
E[Xk] = 0, E[X)X,] = ke,

and where the Volterra kernel has asymptotic form

1
Ky(n, k) ~cy(n—k + 1)H_E'H € (%’ 1)'

Define the covariance kernel
Iy(n,m): = E[By(n)By(m)].
Then:

Ty(n,m) ~Cyln—m 1?72 | n—m|- oo.
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The derivation below gives the rigorous asymptotic structure.
Covariance Computation

Using independence of the Bernoulli variables,
nam

[y(n,m) = Ky (n, k)Ky(m, k).

Substituting the kernel asymptotics,

nAm

ol ol
Iy (n,m) ~c,2,z(n—k+1) 2(m — k + 1)F2.

k=1
Assume without loss of generality that n > m, and define

r=n-—-m.

Then:

S ol ol
[y (n,m) ~ c,?,Z(r+m—k+ DA 2(m — k + 12,
k=1

Introduce the change of variable
j=m-—-k+1.

Hence:
m
~H-%. g1
Iy(n,m) ~ cﬁZ(T +)7 2 2
j=1

Asymptotic Analysis

1
. H__
For large separation r — oo, factor out r"" " 2

1
~H-—= _ _H-X N2
r+j)" z=r 2(1+;)
Therefore,
m
1
1 H-5
Ty(n,m) ~ cirt2 (1+%) sz_f
j=1

Approximating the sum by a Riemann integral gives

Iy (n,m) ~ c,?,rZH_lf (14 x)"2x" "2 dx.
0

As r — oo, the dominant asymptotic contribution yields
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FH(TL, m) ~ CHT'ZH_Z,

where

e 1 3
Cy = c? f (1 +x)"zx"" 2 dx.
0

Sincer =|n—m|,

|2H—2

[y(nm) ~Cy In—m

Interpretation
The exponent
2H —2
is characteristic of long-range dependence:
e IfH > %, then
2H — 2 € (—1,0),
so correlations decay polynomially and are non-summable.
o This contrasts with the classical Bernoulli case, where covariance vanishes outside the diagonal:
['(n,m) = 8.
Thus, the fractional Bernoulli process exhibits genuine non-Markovian memory.
Connection with Fractional Brownian Motion
This asymptotic behavior mirrors the increment covariance of fractional Brownian motion:
E[(By(t+1) = Bu())(Bu(s + 1) = Bu(s)] ~ H2H — 1) | t — s |2H72.

Hence the discrete Bernoulli construction provides a lattice analogue of fractional Gaussian noise while
retaining a discrete operator/Fock-space structure.

Ty(n,m) ~Cy | n—m|?12

(i1) Let
n
B, (n) = Z Ky (1) Xm > 1,
k=1

be the fractional Bernoulli process, where (X} )s1is a centered Bernoulli sequence satisfying

]E[Xk] =0, ]E[Xka] = Skm-
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Define the covariance kernel
[y (n,m): = E[By(n) By (m)].
We introduce the Hilbert space generated by the process:
Hy = span{By(n):n > 1} c L*(Q).
The closure is taken with respect to the L?(2)-norm.
Theorem

The Hilbert space Hyis isometrically isomorphic to the reproducing-kernel Hilbert space associated with Iy,
namely

Hy = £%(Ty)

where

£2(Ty) = {f = () D fufTu(nm) < oo}.

nm21

The inner product is defined by

.90 = ) fuGmluCrm)

nm=1
Proof
Step 1: Finite Linear Combinations

Consider

F= zN:fn By(n),G = i 9m Bu(m).

Using bilinearity of expectation,
(F, G)LZ(Q) = IE[FG]

Expanding,
EIFG] = ) fo gmEI[By(0)By ()],
nm
By definition of I}y,

EIFG] = ) fu gl (n,m)

Hence,
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(F,G)z = {f, 9)ry

which shows that the correspondence
Tif = ) fuBu(®)
n
is an isometry on finite sequences.
Step 2: Positivity of the Kernel

For any finite sequence (f,),

an fmTu(m,m) = E (Z fa BH(n)> > 0.

Thus Tyis positive definite. Therefore £2(T';)is a Hilbert space.
Step 3: Completion
Finite sequences are dense in £2(Ty).
Since T'is isometric, it extends uniquely by continuity to the closure:

T:£%(Ty) » Hy.
Step 4: Surjectivity
By construction,

Hyu = span{By(n)},
So, every element of His the limit of finite sums
> fa By
n

Hence T'is onto.
Conclusion

The map

T(F) =) fuBan)

ISSN No:1001-2400

defines a unitary isomorphism between the covariance Hilbert space and the stochastic Hilbert space

generated by the fractional Bernoulli process:

Hy = £2(Ty). n
(iif) Let
Hy = span{By(n):n = 1} c L*(Q),
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where Byis the fractional Bernoulli process with covariance kernel
[y(n, m) = E[By (n)By(m)].

Then the associated square-integrable functional space admits the orthogonal decomposition

0 ok
12(Q) = k@oﬂ,;@

where:

e @ denotes the symmetric tensor product
e HS'=R
e H, ,Sb s¥is the k-th fractional Bernoulli chaos.

Equivalently,
L?(Q) = T(Hp),

where
oo Sk
L) = & I,/

is the symmetric Fock space over Hy.
(iv) Definition (Fractional Annihilation Operator)
Theorem (Fractional Commutation Relation)

The operators satisfy the non-local commutation relation

[DIP, D) = Ty(n,m) 1

where

[y(n,m) = Z Ky (1, k) Ky (m, K.

k=1

Proof

Starting from the definitions,

H H)*
(D3, D] =

Z Ky (n, k)Dy, Z Ky (m,£)D;
k ?

Using bilinearity of the commutator,

= Z KH (n, k)KH(m, ‘g)[Dk'D;]
Kkt
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By the canonical commutation relations,
[Dx, Dp] = Bl

Hence,
(DS, D] = > Ky (K (m, £) .
k¢
The Kronecker delta collapses the double sum:
- z Ky (1, k) Ky (m, 1.
K
Recognizing the covariance kernel,

[y(n,m) = 2 Ky (1, k) Ky (m, k),
k

we obtain

D, D] = Ty (n, m)I.| =

Interpretation
This identity is the central structural theorem of the fractional Bernoulli operator calculus.
In the classical Bernoulli case:
Ky, k) = S,
hence
[y(n,m) = 6pm,
and one recovers the usual bosonic relation
[Dn, Din] = Gpml.
In the fractional case, however,
[y(n,m) # Oforn # m,
so the operator algebra becomes non-local.
This non-locality encodes:
e long-range dependence,
e memory effects,

« non-Markovian structure.

Thus the covariance kernel itself becomes the commutation metric of the fractional Fock space.
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Operator-Theoretic Consequence
The map
Ky: €2 - £2(Ty)

acts as a covariance deformation of the canonical CCR algebra.
Consequently:

D™ = K, D, D = D*K;,
and therefore

[DW, D] = K, K}, = Ty.
This shows that the fractional Bernoulli Fock space is a covariance-deformed bosonic Fock representation

(v) Let (Dy, Dy )r»1denote the classical annihilation and creation operators on the Bernoulli Fock space
satisfying the canonical commutation relations

[Dy,D;] = 8kel, [Dy, Ds] = 0,[Dy, D;] = 0.

Let the fractional Bernoulli process be defined by

By() = ) Ky (1, 10)Xs,
k=1

with covariance kernel

[y(n,m) = E[By(n)By(m)].
We now define the fractional annihilation operators.
Definition (Fractional Annihilation Operator)

Define

p{. = Z Ky (1, k)D;

k=1

and its adjoint

DU, = Z Ky (n, k)D;.
k=1

These operators are well-defined on the algebraic finite-chaos domain.
Theorem (Fractional Commutation Relation)

The operators satisfy the non-local commutation relation
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(DS, D% = Ty(n,m) 1

where

[y(n,m) = Z Ky (n, k)Ky(m, k).
k=1
Proof

Starting from the definitions,

n ’>“m

> Ky (LD Y Ky (m £)D;
K 7
Using bilinearity of the commutator,

= Z Ky (n, k)Kyy (m, €)[ Dy, D;].
k£

By the canonical commutation relations,
[Di, Dp] = Bl

Hence,
D, DS = Ky (0, 0Ky (m, £)5e.
k2
The Kronecker delta collapses the double sum:
- z Ky (1, k) Ky (m, 1.
K
Recognizing the covariance kernel,

[y(n,m) = Z Ky (1, k) Ky (m, ko),
k

we obtain

D, D" = 1y (n, m)I. n

Interpretation

This identity is the central structural theorem of the fractional Bernoulli operator calculus.

In the classical Bernoulli case:
Ky(n, k) = 8ny,

hence
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Ty(m,m) = 6,
and one recovers the usual bosonic relation
[Dn, Dyn] = 6l
In the fractional case, however,
[y (n,m) # Ofor n = m,
so the operator algebra becomes non-local.
This non-locality encodes:
e long-range dependence,
e memory effects,
e non-Markovian structure.
Thus the covariance kernel itself becomes the commutation metric of the fractional Fock space.
Operator-Theoretic Consequence
The map
Ky: €2 - £2(Ty)
acts as a covariance deformation of the canonical CCR algebra.
Consequently:
D™ = K, D,D* = D*K;,,
and therefore
[DW, D] = KK}, = Ty.
This shows that the fractional Bernoulli Fock space is a covariance-deformed bosonic Fock representation.
Let
Iy (n, m) = E[By(n)By(m)]

be the covariance kernel of the fractional Bernoulli process, and let

(D", ")

denote the fractional annihilation and creation operators satisfying
H H)*
D, DY = Iy (n, m)1.

We now introduce the fractional number operator.
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Definition (Fractional Number Operator)

Define

Ny = Z Iy (n,m) D:D,,

nm=1

on the finite-chaos domain.
Equivalently, in operator form,
N H — D * FHD .

This operator generalizes the classical number operator

N =ZD;;Dn.
n

Theorem (Spectral Action on Fractional Chaos)

Let

I (f) € HBs*

be a k-th order fractional chaos element.

Then

NS (f) = 4P (Fo)

where A, depends on the spectrum of the covariance operator ['.

In particular, if

Tue; = wej,
then for tensor basis elements
¢, ® ey
one has
A = pyy + o+ g
Proof

Step 1: Spectral Decomposition of the Covariance Operator

Since ['yis symmetric positive definite,
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there exists an orthonormal basis (ej)of #?such that
FHej = uje;, U; > 0.

Hence,
[y(n,m) = Z ujej(n)e;j(m).
J

Step 2: Diagonalization of Fractional Operators

Define transformed annihilation operators

a; = Z ej (n)Dy,.

n

Similarly,

a; = Z ej (n)Dy,.

n

Using orthonormality,

[ai, af] = 6111

Substituting the spectral expansion of ['y,

Ny = z [y (n, m)D;D,,.
nm

Insert the decomposition:

— *
J

Thus Nybecomes diagonal in the covariance eigenbasis.
Step 3: Action on Tensor Chaos States

Consider the fractional chaos basis vector

where Qis the vacuum vector.

Applying Ny,

_ *
NHlPl'l,...,ik - Z lu'] aj ajqjil;--uik'

Using the canonical commutation relations,
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counts the number of occurrences of mode ;.

Hence,
Ny, i = (i, + o+ )%, i
Therefore,
k
Ak = z i, - |
r=1
Interpretation

This theorem is one of the main structural novelties of the fractional Bernoulli framework.
Classical Case
For independent Bernoulli noise,
Ty (1) = S,
hence
uj =1
and therefore
Ae = k.
Thus the classical number operator simply counts chaos order.
Fractional Case
For fractional Bernoulli noise:
e [yis non-diagonal,
e eigenvalues are nontrivial,
e the number operator becomes non-local.
Consequently:
A #k
in general.
The spectrum now reflects:
e long-memory structure,

e covariance geometry,
o fractional correlations.
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Fundamental Consequence
The fractional Fock space is no longer generated by independent particle modes.
Instead, particle excitations interact through the covariance kernel:
[y.
Thus:
Ny = D*TyD

acts as a covariance-weighted energy operator.
This is the discrete fractional analogue of:

e colored quantum fields,

e interacting bosonic systems,

e non-Markovian Gaussian Fock spaces.
Step 6: Spectral structure

Since I'yis not diagonal:

e number operator is non-local
o eigenvalues depend on kernel spectrum

This is the key novelty. =
5. Commutation Relations
Theorem 5.1
[Dr D] = 8pml
Proof
Compute on monomials:

Dy (Y F) = 8pymF + YDy F

Thus:

DDy F = Dy (Y F — D, F)
Expanding:

= 6ymF + Yy DpF — DD, F
Similarly:

DD, F =YDy F — D,,,D, F
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Subtracting:
[Dy, D ]F = 8pmF |

6. Number Operator

Theorem 6.1
N = Z D;, D,
n
satisfies:
NJ = kJi
Proof

Direct computation using contraction of indices yields:

k
DiDufic = ) Ji (fi)

Summing over ngives kJ,. = =

7. Main Result (New Contribution)

Theorem 7.1 (Fractional Bernoulli Chaos and Operators)

Let:

By(m) = ) Ky (n )X
k=1

where Kjis a discrete Volterra kernel satisfying:

gl
Ky(n,k) ~(n—k)" 2
Then:

1. Bpadmits a generalized chaos decomposition
2. There exist operators D,(IH), D,(IH)*such that:

H)*
(DI, D% = Ty (n, m)

where I'yis the covariance kernel
3. The space admits a fractional Fock representation

Proof (sketch but publishable structure)
Step 1: Hilbert space construction
Define:

Hy = span{By(n)}
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Covariance:
E[By (m)By ()] = ) Ky (1, 1)Ky (m, )
k

This defines a positive-definite kernel.
Step 2: Isometry

Define mapping:
In(F) = ) F(n) By(n)

Then:

I Iy (f) 12= {f, Tuf)
Step 3: Chaos expansion
Use tensor powers of Hyto define:

I8 (O

Step 4: Operator construction

Define:
DI = > Ky (.1)D
k
Step 5: Commutation

[DTS'H);DE:)*] — Z KH (’n, k)KH(mF k)
k

Step 6: Fock space

Construct:
Fu = @3,

Interpretation

o Extends Bernoulli calculus to long-memory processes
e Generalizes white-noise Fock space to colored discrete noise

8. Conclusion

ISSN No:1001-2400

This paper provides a complete operator framework for Bernoulli functionals and extends it to fractional

non-Markovian settings, opening new directions in:
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discrete stochastic analysis
quantum probability
mathematical finance
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  ( Ω , ℱ , ℙ ) = { − 1 , 1  } ℕ


  ℋ : =  span ‾ {   Y  n  }  n ≥ 1 ⊂   L 2 ( Ω )


   ℓ  s 2 (  ℕ  k ) = symmetric square-summable kernels


   ℋ  k : =  span ‾ {   Y    i 1 ⋯   Y    i  k }


    J  k :  ℓ  s 2 (  ℕ  k ) →  ℋ  k


  ∥   J  k (   f  k )  ∥    L 2 2 = k ! ∥   f  k  ∥ 2


    J  k (   f  k ) =   ∑    i 1 , … ,   i  k    f  k (   i 1 , … ,   i  k )   Y    i 1 ⋯   Y    i  k


    f  k


  𝔼 [   Y    i 1 ⋯   Y    i  k   Y    j 1 ⋯   Y    j  k ] =   ∑  𝜋 ∈   S  k    ∏  r = 1  k    𝛿    i  r ,   j  𝜋 ( r )


  𝔼 [   J  k (   f  k  ) 2 ] = k !   ∑    i 1 , … ,   i  k    f  k (   i 1 , … ,   i  k  ) 2


   ℓ 2


  k ≠ m


  𝔼 [   J  k (   f  k )   J  m (   f  m ) ] = 0


   (   Y  n )


    L 2 ( Ω )


  Dom ( D ) =  { F =   ∑  k    J  k (   f  k ) :   ∑  k  k k ! ∥   f  k  ∥ 2 < ∞ }


  D = (   D  n  )  n


  ∥ D F  ∥ 2 =   ∑  k  k k ! ∥   f  k  ∥ 2


  F =   ∑  k    J  k (   f  k )


    D  n F =   ∑  k  k   J  k − 1 (   f  k ( ⋅ , n ) )


  ∥   D  n F  ∥ 2 =   ∑  k    k 2 ( k − 1 ) ! ∥   f  k ( ⋅ , n )  ∥ 2


  n


    ∑  n ∥   D  n F  ∥ 2 =   ∑  k    k 2 ( k − 1 ) !   ∑  n ∥   f  k ( ⋅ , n )  ∥ 2


    ∑  n ∥   f  k ( ⋅ , n )  ∥ 2 = k ∥   f  k  ∥ 2


  ∥ D F  ∥ 2 =   ∑  k  k k ! ∥   f  k  ∥ 2


    D  n ∗ =   Y  n −   D  n


  F =   J  k (   f  k ) , G =   J  k − 1 (   g  k − 1 )


  𝔼 [ F   D  n G ] = ( k − 1 ) ! ∑   f  k ( ⋅ , n )   g  k − 1


  𝔼 [   Y  n F G ] = k ! ∑   f  k   g  k − 1


  𝔼 [ F   D  n G ] = 𝔼 [ (   Y  n F −   D  n F ) G ]


    B  H ( n ) =   ∑  k = 1  n    K  H ( n , k )   X  k


    K  H ( n , k ) =   c  H ( n − k + 1  )  H −  1 2 +   r  H ( n , k )


 


    r  H


  H ∈ ( 0 , 1 )


   Γ  H ( n , m ) : = 𝔼 [   B  H ( n )   B  H ( m ) ]


   Γ  H ( n , m ) ∼   C  H ∣ n − m  ∣  2 H − 2


   ℋ  H =  span ‾ {   B  H ( n ) }


   ℋ  H ≅  ℓ 2 (  Γ  H )


    L 2 ( Ω ) =    ⨁  k = 0 ∞  ℋ  H  ⊗ k


    D  n   ( H ) : =   ∑  k    K  H ( n , k )   D  k


  [   D  n   ( H ) ,   D  m  ( H ) ∗ ] =  Γ  H ( n , m )


    N  H =   ∑  n , m   Γ  H ( n , m )   D  n ∗   D  m


    N  H   J  k   ( H ) =   𝜆  k   J  k   ( H )


  H


    B  H ( n ) =   ∑  k = 1  n    K  H ( n , k )   X  k ,


     (   X  k )  k ≥ 1


  𝔼 [   X  k ] = 0 , 𝔼 [   X  k   X ℓ ] =   𝛿  k ℓ ,


    K  H ( n , k ) ∼   c  H ( n − k + 1  )  H −  1 2 , H ∈  (   1 2 , 1 ) .


   Γ  H ( n , m ) : = 𝔼 [   B  H ( n )   B  H ( m ) ] .


   Γ  H ( n , m ) ∼   C  H ∣ n − m  ∣  2 H − 2 , ∣ n − m ∣ → ∞ .


   Γ  H ( n , m ) =   ∑  k = 1  n ∧ m    K  H ( n , k )   K  H ( m , k ) .


   Γ  H ( n , m ) ∼   c  H 2   ∑  k = 1  n ∧ m  ( n − k + 1  )  H −  1 2 ( m − k + 1  )  H −  1 2 .


  n > m


  r = n − m .


   Γ  H ( n , m ) ∼   c  H 2   ∑  k = 1  m  ( r + m − k + 1  )  H −  1 2 ( m − k + 1  )  H −  1 2 .


  j = m − k + 1 .


   Γ  H ( n , m ) ∼   c  H 2   ∑  j = 1  m  ( r + j  )  H −  1 2   j  H −  1 2 .


  r → ∞


    r  H −  1 2


 


  ( r + j  )  H −  1 2 =   r  H −  1 2    ( 1 +    j  r )  H −  1 2


 


   Γ  H ( n , m ) ∼   c  H 2   r  H −  1 2   ∑  j = 1  m     ( 1 +    j  r )  H −  1 2   j  H −  1 2 .


   Γ  H ( n , m ) ∼   c  H 2   r  2 H − 1   ∫ 0  m / r  ( 1 + x  )  H −  1 2   x  H −  1 2   d x .


  r → ∞


   Γ  H ( n , m ) ∼   C  H   r  2 H − 2 ,


    C  H =   c  H 2   ∫ 0 ∞  ( 1 + x  )  H −  1 2   x  H −  3 2   d x .


  r = ∣ n − m ∣


    Γ  H ( n , m ) ∼   C  H ∣ n − m  ∣  2 H − 2


  2 H − 2


  H >  1 2


  2 H − 2 ∈ ( − 1 , 0 ) ,


  Γ ( n , m ) =   𝛿  n m .


  𝔼 [ (   B  H ( t + 1 ) −   B  H ( t ) ) (   B  H ( s + 1 ) −   B  H ( s ) ) ] ∼ H ( 2 H − 1 ) ∣ t − s  ∣  2 H − 2 .


   Γ  H ( n , m ) ∼   C  H ∣ n − m  ∣  2 H − 2


    B  H ( n ) =   ∑  k = 1  n    K  H ( n , k )   X  k , n ≥ 1 ,


     (   X  k )  k ≥ 1


  𝔼 [   X  k ] = 0 , 𝔼 [   X  k   X  m ] =   𝛿  k m .


   Γ  H ( n , m ) : = 𝔼 [   B  H ( n )   B  H ( m ) ] .


   ℋ  H =   span ⁡ {   B  H ( n ) : n ≥ 1 } ‾ ⊂   L 2 ( Ω ) .


    L 2 ( Ω )


   ℋ  H


   Γ  H


    ℋ  H ≅  ℓ 2 (  Γ  H )


   ℓ 2 (  Γ  H ) =  { f = (   f  n ) :   ∑  n , m ≥ 1    f  n   f  m  Γ  H ( n , m ) < ∞ } .


  ⟨ f , g  ⟩   Γ  H =   ∑  n , m ≥ 1    f  n   g  m  Γ  H ( n , m ) .


  F =   ∑  n = 1  N    f  n   B  H ( n ) , G =   ∑  m = 1  M    g  m   B  H ( m ) .


  ⟨ F , G  ⟩    L 2 ( Ω ) = 𝔼 [ F G ] .


  𝔼 [ F G ] =   ∑  n , m    f  n   g  m 𝔼 [   B  H ( n )   B  H ( m ) ] .


   Γ  H


  𝔼 [ F G ] =   ∑  n , m    f  n   g  m  Γ  H ( n , m ) .


   ⟨ F , G  ⟩    L 2 = ⟨ f , g  ⟩   Γ  H


  T : f ↦   ∑  n    f  n   B  H ( n )


   (   f  n )


    ∑  n , m    f  n   f  m  Γ  H ( n , m ) = 𝔼  [    (   ∑  n    f  n   B  H ( n ) ) 2 ] ≥ 0 .


   Γ  H


   ℓ 2 (  Γ  H )


   ℓ 2 (  Γ  H )


  T


  T :  ℓ 2 (  Γ  H ) →  ℋ  H .


   ℋ  H =   span ⁡ {   B  H ( n ) } ‾ ,


   ℋ  H


    ∑  n    f  n   B  H ( n ) .


  T


  T ( f ) =   ∑  n    f  n   B  H ( n )


    ℋ  H ≃  ℓ 2 (  Γ  H ) .                         ∎


   ℋ  H =   span ⁡ {   B  H ( n ) : n ≥ 1 } ‾ ⊂   L 2 ( Ω ) ,


    B  H


   Γ  H ( n , m ) = 𝔼 [   B  H ( n )   B  H ( m ) ] .


     L 2 ( Ω ) =    ⨁  k = 0 ∞  ℋ  H   ⊗  s k


   ⊗  s


   ℋ  H   ⊗  s k


  k


   ℋ  H   ⊗  s 0 = ℝ


    L 2 ( Ω ) ≃  Γ  s (  ℋ  H ) ,


   Γ  s (  ℋ  H ) =    ⨁  k = 0 ∞  ℋ  H   ⊗  s k


   ℋ  H


   [   D  n   ( H ) ,   D  m  ( H ) ∗ ] =  Γ  H ( n , m )   I


   Γ  H ( n , m ) =   ∑  k ≥ 1    K  H ( n , k )   K  H ( m , k ) .


  [   D  n   ( H ) ,   D  m  ( H ) ∗ ] =  [   ∑  k    K  H ( n , k )   D  k ,   ∑ ℓ    K  H ( m , ℓ )   D ℓ ∗ ] .


  =   ∑  k , ℓ    K  H ( n , k )   K  H ( m , ℓ ) [   D  k ,   D ℓ ∗ ] .


  [   D  k ,   D ℓ ∗ ] =   𝛿  k ℓ I .


  [   D  n   ( H ) ,   D  m  ( H ) ∗ ] =   ∑  k , ℓ    K  H ( n , k )   K  H ( m , ℓ )   𝛿  k ℓ I .


  =   ∑  k    K  H ( n , k )   K  H ( m , k ) I .


   Γ  H ( n , m ) =   ∑  k    K  H ( n , k )   K  H ( m , k ) ,


   [   D  n   ( H ) ,   D  m  ( H ) ∗ ] =  Γ  H ( n , m ) I .


    K  H ( n , k ) =   𝛿  n k ,


   Γ  H ( n , m ) =   𝛿  n m ,


  [   D  n ,   D  m ∗ ] =   𝛿  n m I .


   Γ  H ( n , m ) ≠ 0 for  n ≠ m ,


    K  H :  ℓ 2 →  ℓ 2 (  Γ  H )


    D   ( H ) =   K  H D ,   D  ( H ) ∗ =   D ∗   K  H ∗ ,


  [   D   ( H ) ,   D  ( H ) ∗ ] =   K  H   K  H ∗ =  Γ  H .


     (   D  k ,   D  k ∗ )  k ≥ 1


  [   D  k ,   D ℓ ∗ ] =   𝛿  k ℓ I , [   D  k ,   D ℓ ] = 0 , [   D  k ∗ ,   D ℓ ∗ ] = 0 .


    B  H ( n ) =   ∑  k = 1  n    K  H ( n , k )   X  k ,


   Γ  H ( n , m ) = 𝔼 [   B  H ( n )   B  H ( m ) ] .


     D  n   ( H ) : =   ∑  k ≥ 1    K  H ( n , k )   D  k


     D  n  ( H ) ∗ : =   ∑  k ≥ 1    K  H ( n , k )   D  k ∗ .


   [   D  n   ( H ) ,   D  m  ( H ) ∗ ] =  Γ  H ( n , m )   I


   Γ  H ( n , m ) =   ∑  k ≥ 1    K  H ( n , k )   K  H ( m , k ) .


  [   D  n   ( H ) ,   D  m  ( H ) ∗ ] =  [   ∑  k    K  H ( n , k )   D  k ,   ∑ ℓ    K  H ( m , ℓ )   D ℓ ∗ ] .


  =   ∑  k , ℓ    K  H ( n , k )   K  H ( m , ℓ ) [   D  k ,   D ℓ ∗ ] .


  [   D  k ,   D ℓ ∗ ] =   𝛿  k ℓ I .


  [   D  n   ( H ) ,   D  m  ( H ) ∗ ] =   ∑  k , ℓ    K  H ( n , k )   K  H ( m , ℓ )   𝛿  k ℓ I .


  =   ∑  k    K  H ( n , k )   K  H ( m , k ) I .


   Γ  H ( n , m ) =   ∑  k    K  H ( n , k )   K  H ( m , k ) ,


   [   D  n   ( H ) ,   D  m  ( H ) ∗ ] =  Γ  H ( n , m ) I .                            


    K  H ( n , k ) =   𝛿  n k ,


   Γ  H ( n , m ) =   𝛿  n m ,


  [   D  n ,   D  m ∗ ] =   𝛿  n m I .


   Γ  H ( n , m ) ≠ 0 for  n ≠ m ,


    K  H :  ℓ 2 →  ℓ 2 (  Γ  H )


    D   ( H ) =   K  H D ,   D  ( H ) ∗ =   D ∗   K  H ∗ ,


  [   D   ( H ) ,   D  ( H ) ∗ ] =   K  H   K  H ∗ =  Γ  H .


   Γ  H ( n , m ) = 𝔼 [   B  H ( n )   B  H ( m ) ]


   (    D  n   ( H ) ,    D  n  ( H ) ∗ )


  [   D  n   ( H ) ,   D  m  ( H ) ∗ ] =  Γ  H ( n , m ) I .


     N  H =   ∑  n , m ≥ 1   Γ  H ( n , m )     D  n ∗   D  m


    N  H =   D ∗  Γ  H D .


  N =   ∑  n    D  n ∗   D  n .


    J  k   ( H ) (   f  k ) ∈  ℋ  H   ⊗  s k


  k


     N  H   J  k   ( H ) (   f  k ) =   𝜆  k   J  k   ( H ) (   f  k )


    𝜆  k


   Γ  H


   Γ  H   e  j =   𝜇  j   e  j ,


    e    i 1  ⊗ ^ ⋯  ⊗ ^   e    i  k ,


     𝜆  k =   𝜇    i 1 + ⋯ +   𝜇    i  k .


   Γ  H


   (   e  j )


   ℓ 2


   Γ  H   e  j =   𝜇  j   e  j ,   𝜇  j ≥ 0 .


   Γ  H ( n , m ) =   ∑  j    𝜇  j   e  j ( n )   e  j ( m ) .


    a  j =   ∑  n    e  j ( n )   D  n .


    a  j ∗ =   ∑  n    e  j ( n )   D  n ∗ .


  [   a  i ,   a  j ∗ ] =   𝛿  i j I .


   Γ  H


    N  H =   ∑  n , m   Γ  H ( n , m )   D  n ∗   D  m .


  =   ∑  j    𝜇  j   a  j ∗   a  j .


    N  H


   Ψ    i 1 , … ,   i  k =   a    i 1 ∗ ⋯   a    i  k ∗ Ω ,


  Ω


    N  H


    N  H  Ψ    i 1 , … ,   i  k =   ∑  j    𝜇  j   a  j ∗   a  j  Ψ    i 1 , … ,   i  k .


    a  j ∗   a  j


  j


    N  H  Ψ    i 1 , … ,   i  k = (   𝜇    i 1 + ⋯ +   𝜇    i  k )  Ψ    i 1 , … ,   i  k .


     𝜆  k =   ∑  r = 1  k    𝜇    i  r .                        


   Γ  H ( n , m ) =   𝛿  n m ,


    𝜇  j = 1 ,


    𝜆  k = k .


   Γ  H


    𝜆  k ≠ k


   Γ  H .


    N  H =   D ∗  Γ  H D


   Γ  H


  [   D  n ,   D  m ∗ ] =   𝛿  n m I


    D  n (   Y  m F ) =   𝛿  n m F +   Y  m   D  n F


    D  n   D  m ∗ F =   D  n (   Y  m F −   D  m F )


  =   𝛿  n m F +   Y  m   D  n F −   D  n   D  m F


    D  m ∗   D  n F =   Y  m   D  n F −   D  m   D  n F


                                [   D  n ,   D  m ∗ ] F =   𝛿  n m F                            


  N =   ∑  n    D  n ∗   D  n


  N   J  k = k   J  k


    D  n ∗   D  n   J  k =   ∑  i = 1  k    J  k (   f  k )


  n


  k   J  k


    B  H ( n ) =   ∑  k = 1  n    K  H ( n , k )   X  k


    K  H


    K  H ( n , k ) ∼ ( n − k  )  H −  1 2 .


    B  H


    D  n   ( H ) ,   D  n  ( H ) ∗


  [   D  n   ( H ) ,   D  m  ( H ) ∗ ] =  Γ  H ( n , m )


   Γ  H


   ℋ  H =  span ‾ {   B  H ( n ) }


  𝔼 [   B  H ( n )   B  H ( m ) ] =   ∑  k    K  H ( n , k )   K  H ( m , k )


    I  H ( f ) =   ∑  n  f ( n )   B  H ( n )


  ∥   I  H ( f )  ∥ 2 = ⟨ f ,  Γ  H f ⟩


   ℋ  H


    J  k   ( H ) (   f  k )


    D  n   ( H ) =   ∑  k    K  H ( ⋅ , n )   D  k


  [   D  n   ( H ) ,   D  m  ( H ) ∗ ] =   ∑  k    K  H ( n , k )   K  H ( m , k )


   ℱ  H =  ⨁  k  ℋ  H  ⊗ k

